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Three Cornerstones by Blackwell

It is rational to summarize data via sufficient
statistics.
Blackwell Annals Math Stat 1947
The general structure how to optimally learn
from sequentially accruing information
Arrow Blackwell & Girshick
Econometrica 1949
All rational (and not too opinionated) agents
will agree given enough common data
Blackwell & Dubins Annals Math Stat 1962
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CONDITIONAL EXPECTATION AND UNBIASED SEQUENTIAL 
ESTIMATION' 

BY DAVID BLACKWELL 

Howard University 

1. Summary. It is shown that E[f(x) E(y I x)] = E(fy) whenever E(fy) 
is finite, and that a2E(y I x) < a2y, where E(y I x) denotes the conditional ex- 
pectation of y with respect to x. These results imply that whenever there is a 
sufficient statistic u and an unbiased estimate t, not a function of u only, for a 
parameter 0, the function E(t I u), which is a function of u only, is an unbiased 
estimate for 0 with a variance smaller than that of t. A sequential unbiased 
estimate for a parameter is obtained, such that when the sequential test termi- 
nates after i observations, the estimate is a function of a sufficient statistic for the 
parameter with respect to these observations. A special case of this estimate is 
that obtained by Girshick, Mosteller, and Savage [4] for the parameter of a 
binomial distribution. 

2. Conditional expectation. Denote by x any (not necessarily numerical) 
chance variable and by y any numerical chance variable for which E(y) is finite. 
There exists a function of x, the conditional expectation of y with respect to x 
[3, pp. 95-101, 5, pp. 41-44] which we denote, as usual, by E(y I x) and which is 
uniquely defined except for events of zero probability, such that whenever f(x) 
is the characteristic function of an event F depending only on x (i.e. f = 1 when 
F occurs and f = 0 when F does not occur), the equation 

(1) E[f(x)E(y I x)] = E[f(x)y] 

holds. Now if f(x) is a simple function, i.e. a finite linear combination of char- 
acteristic functions, it is clear from the linearity of expectation that (1) continues 
to hold. Quite generally, we shall prove 

THEOREM 1: The equation (1) holds for every function f(x) for which E[f(x)y] 
is finite. 

To simplify notation, we write E(z I x) = Exz for any chance variable z. The 
following corollary to Theorem 1 asserts simply that the operations Ex and 
multiplication byf(x) are commutative. This fact, which is trivially equivalent 
to Theorem 1, has been stated by Kolmogoroff [5, p. 50]. 

COROLLARY: If E[f(x)y] is finite, then Exf(x)y] = f(x)Exy. 
PROOF OF COROLLARY: If g(x) is a characteristic function, then E(gfExy) = 

E(gfy) by Theorem 1. Since Ex(fy) is unique, the Corollary follows. 
PROOF OF THEOREM 1: Since Theorem 1 holds when f(x) is a simple function 

and the product of a simple function and a characteristic function is a simple 
function, the Corollary holds when f(x) is a simple function. 

1 The author is indebted to M. A. Girshick for suggesting the problem which led to this 
paper and for many helpful discussions. 
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Theorem (Rao-Blackwell Inequality)

Suppose that A is a convex subset of <m and that L(θ,a) is a
convex function of a for all θ ∈ Θ. Suppose also that t is a
sufficient statistic for θ, and that δ0 is a nonrandomized decision
rule such that Ex |θ[|δ0(x)|] <∞. The decision rule defined as

δ1(t) = Ex |t [δ0(x)] (1)

is R–equivalent to or R–better than δ0.



Proof

Jensen’s inequality states that if a function g is convex, then
g(E(x)) ≤ E(g(x)). Therefore,

L(θ, δ1(t)) = L(θ,Ex |t [δ0(x)]) ≤ Ex |t [L(θ, δ0(x))] (2)

and

R(θ, δ1) = Et |θ[L(θ, δ1(t))]

≤ Et |θ[Ex |t{L(θ, δ0(x))}]
= Ex |θ[L(θ, δ0(x))]

= R(θ, δ0)

�



An example

Suppose that x1, . . . , xn are independent and identically
distributed as N(θ,1) and that we wish to estimate the tail area
to the left of c − θ with square error loss

L(θ,a) = (a− Φ(c − θ))2.

Here c is some fixed real number, and a ∈ A ≡ [0,1]. A
possible decision rule is the empirical tail frequency

δ0(x) =
n∑

i=1

I(−∞,c](xi)/n.

t = x̄ is a sufficient statistic for θ. Since A is convex and the
loss function is a convex function of a,

Ex |t [δ0(x)] =
1
n

n∑
i=1

Exi |t [I(−∞,c](xi)] = Φ

 c − t√
n−1

n

 ,

Because of the Rao–Blackwell theorem, the rule
δ1(t) = Ex |t [δ0(x)], is R–better than δ0.
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BAYES AND MINIMAX SOLUTIONS OF SEQUENTIAL 
DECISION PROBLEMS1 

BY K. J. ARROW, D. BLACKWELL, M. A. GIRSHICK 

The present paper deals with the general problem of sequential choice 
among several actions, where at each stage the options available are to 
stop and take a definite action or to continue sampling for more informa- 
tion. There are costs attached to taking inappropriate action and to sam- 
pling. A characterization of the optimum solution is obtained first under 
very general assumptions as to the distribution of the successive observa- 
tions and the costs of sampling; then more detailed results are given 
for the case where the alternative actions are finite in number, the obser- 
vations are drawn under conditions of random sampling, and the cost 
depends only on the number of observations. Explicit solutions are given 
for the case of two actions, random sampling, and linear cost functions. 
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SUMMARY 

THE PROBLEM of statistical decisions has been formulated by Wald [1] 
as follows: the statistician is required to choose some action a from a class 
A of possible actions. He incurs a loss L(u, a), a known bounded function 
of his action a and an unknown state u of Nature. What is the best 
action for the statistician to take? 

If u is a chance variable, not necessarily numerical, with a known a 
I This article will be reprinted as Cowles Commission Paper, New Series, No. 

40. The research for this paper was carried on at The RAND Corporation, a non- 
profit research organization under contract with the United States Air Force. It 
was presented at a joint meeting of the Econometric Society and the Institute of 
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Long term implication: Irrelevance of stopping rule

The Bayesian optimal terminal decision is not affected by the
stopping rule. The reason for this result is a general
factorization of the likelihood: for any stopping rule ζ for
sampling from a sequence of observations x1, x2, . . . having
fixed sample size parametric model f (xn|n, θ) = f (xn|θ), the
likelihood function is

f (n, xn|ζ, θ) = ζn(xn)
n−1∏
i=1

(1− ζi(xi))f (xn|θ) ∝ f (xn|θ), θ ∈ Θ,

(3)
for all (n, xn) such that f (n, xn|ζ, θ) 6= 0.
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MERGING OF OPINIONS WITH INCREASING INFORMATION' 

BY DAVID BLACKWELL AND LESTER DUBINS 

University of California, Berkeley 

1. History. One of us [1] has shown that if Zn, n 1, 2, * is a stochastic- 
process with D states, 0, 1, * , D- 1 such that X En= Zn/D' has an 
absolutely continuous distribution with respect to Lebesgue measure, then the 
conditional distribution of Rk = En=1 Zk+n/Dn given Z1, * , Zk converges, 
with probability one as k -* o to the uniform distribution on the unit interval,, 
in the sense that for each X, 0 < X < 1, P(Rk < X I Zl X *** , Zk) - Xwith- 
probability I as k -* oo. It follows that the unconditional distribution of Rk 

converges to the uniform distribution as k -? co. If {Znj is stationary, the distri- 
bution of Rk is independent of k, and hence uniform, a result obtained earlier 
by Harris [3]. Earlier work relevant to convergence of opinion can be found in 
[4, Chap. 3, Sect. 6]. 

Here we generalize these results and also show that the conditional distribu-- 
tion of Rk given Z1, * * *, Zk converges in a much stronger sense. All probabilities. 
in this paper are countably additive. 

2. Statement of the theorem. Let 65i be a a-field of subsets of a set Xi,. 
i = 1, 2, * * *; and let (X, 63) = (X1 X X2 X * * *, 6(1 X 6(2 X *.. ). Suppose 
(X, 63, P) is a probability space and let P. be the marginal distribution of 
(X1 X ... X Xn, 681 X ... X Bn); that is, Pn(A) = P(A X Xn+1 X ... 
for all A e 6h X ... X 6.n . The probability P is predictive if for every n > 1, 
there exists a conditional distribution Pn for the future Xn+i X *.. given the past 
X1 X * * , Xn ; that is, if there exists a function Pn(xi, X * * , x.) (C) where 
(xi, * * *, x.) ranges over X1 X ... X X. and C ranges over 6,n+i X ... with 
the usual three properties: Pn (xi, * * *, x.) (C) is 6?1 X * * * X 63X-measurable 
for fixed C; a probability distribution on (Xn+l X ... ; 6n+1 X ... for fixed 
(xi, , Xn); and for bounded (9-measurable q5 

( fdcdP = f[((xi, x., x+, )dPn (xn+l, xl, *.. 

*dP (xi, x.n) 
holds. 

The assumption that P is predictive is mild and applies to all natural prob- 
abilities known to us. It is easy to verify that any probability which is absolutely 
continuous with respect to a predictive probability is also predictive. 

Received December 12, 1961. 
1 This paper was prepared with the partial support of the Office of Naval Research 

(Nonr-222-43) for Mr. Blackwell; and with the partial support of the National Science 
Foundation, Grant G-14648 for Mr. Dubins. This paper in whole or in part may be repro- 
duced for any purpose of the United States Government. 
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It is routine to verify that Qf is a conditional distribution for the future given 
the past. Let u = (xl, - - *, xz) and v = (x.?1, ***), and compute thus: 

pP (P'xl Xn) Qn(xl, . 
z X n) ) 

p(pn(U), Qn(U)) 

= f (dn(u, v) - 1)dPn(v U) over v:dn(u, v) - 1 > 0 

(14) _ - + f dn(u, v)dP'(v I u) over v: dn(u, v) - 1 > E 

E + Q n(u)(v:dn(u, v) - 1 > E) 

= E + Q[dn - 1 > e I Xl, * * * Xn 

= E + E 

for all but a finite number of n with Q-probability 1, according to (11). This 
completes the proof. 

5. Interpretation. Usually, there is essentially only one conditional distribution 
Qf of the future given the past. Therefore, our theorem may be interpreted to 
imply that if the opinions of two individuals, as summarized by P and Q, agree 
only in that P(D) > 0 O-* Q(D) > 0, then they are certain that after a suffi- 
ciently large finite number of observations xi, , x-,-- their opinions will be- 
come and remain close to each other, where close means that for every event E 
the probability that one man assigns to E differs by at most e from the proba- 
bility that the other man assigns to it, where e does not depend on E. Leonard 
J. Savage observed that our theorem applies to the particularly interesting case 
in which P and Q are symmetric (or exchangeable). That is, if the measures 
P and Q on the sequences xi are those that arise when the xi are, for a fixed 
parameter value, independent and identically distributed observations, with 
prior distributions p and q on the parameter, then the relations of absolute 
continuity between P and Q are precisely those between p and q. 

6. Caution. Though the conditional distributions of the future Pn and Qn 
merge as n becomes large, this need not happen to the unconditional distributions 
of the future. That is, let P(n) (D) = P(X1 X ... X Xn X D) for all 
D c 63n+l X - * , and let Q(n) be similarly defined. The following is a simple 
example of two probabilities P and Q absolutely continuous with respect to each 
other for which P(n) and Q(n) do not merge with increasing n. Let R be the 
probability on infinite sequences xl, X2, *** of O's and l's determined by inde- 
pendent tosses of a coin which has probability r of success, and let S be the 
probability determined if the coin has probability s for success, with 0 ? r < 1, 
0 < s ? 1, and r # s. Now let 0 < p < q < 1 and let P and Q be mixtures of 
R and S: P = pR + (1 - p)S, Q = qR + (1 - q)S. Since P(n) = P and 
Q(n) = Q for all n, there is no tendency for P(n) and Q(n) to merge. 




